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Introduction 



In recent years a great deal work has been made to find necessary and sufficient 
conditions for the existence of distributional supersolutions to semilinear elliptic 
equations with inverse-square potentials. We quote for instance [7] (and the refer- 
ences therein), where a problem related to the Hardy and Sobolev inequalities has 
been studied. In the present paper we are interested in a class of linear elliptic 
equations. 

Let N > 2 be an integer, R G (0, 1] and let B R be the ball in R N of radius R 
centered at 0. We focus our attention on non-negative distributional solutions to 

(0.1) -Au- ^ N ~^ \x\- 2 u > a\x\~ 2 |log|x|r 2 u mV'(B R \{0}), 

where a G M. is a varying parameter. By a standard definition, a solution to (0.1) is 
a function u G L\ oc (B R \ {0}) such that 

f — 2) 2 f f 2 

— / uAip dx / \x\~ 2 wp dx > a / | a? | 2 | log \x\ \~ wp dx 

Jb r 4 Jb r Jb r 

for any non-negative (p G C^°(Bji\{0}). Problem (0.1) is motivated by the inequality 

(0.2) / \Vu\ 2 dx- ^ N ~ 2 " > [ \x\- 2 \u\ 2 >- I \x\- 2 \\og\xW~ 2 \u\ 2 dx , 
Jb! 4 J Bl 4 J Bl 

which holds for any u G C^°(i?i\{0}) (see for example [2], [5], [8], [12] and Appendix 
A). Notice that (0.2) improves the Hardy inequality for maps supported by the 
unit ball if > 3. Inequality (0.2) was firstly proved by Leray [14] in the lower 
dimensional case N = 2. 

Due to the sharpness of the constants in (0.2), a necessary and sufficient condition 
for the existence of non-trivial and non-negative solutions to (0.1) is that a < 1/4 
(compare with Theorem B.2 in Appendix B and with Remark 1.5). 

In case a < 1/4 we provide necessary conditions on the parameter a to have the 
existence of non-trivial solutions satisfying suitable integrability properties. 

Theorem 0.1 Let R G (0,1] and let u > be a distributional solution to (0.1). 
Assume that there exists 7 < 1 such that 

u^Ll c {B R -\x\- 2 \^g\x\\-^ dx) , a>i-(l- 7 ) 2 - 
Then u = almost everywhere in B R . 
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We remark that Theorem 0.1 is sharp, in view of the explicit counter-example in 
Remark 1.5. 

Let us point out some consequences of Theorem 0.1. We use the Hardy-Leray 
inequality (0.2) to introduce the space HKBy) as the closure of C c °°(5i \ {0}) with 
respect to the scalar product 

f (N - 2) 2 f 
{u, v) = j Vu-Vvdx / \x\~ uv dx 

(see for example [9]). It turns out that H^B^ strictly contains the standard Sobolev 
space Hq(Bi), unless N = 2. 

Take 7 = 1 in Theorem 0.1. Then problem (0.1) has no non-trivial and non- 
negative solutions n 6 L 2 oc (Br; \x\~ 2 |log |x||~ 2 dx) if a = 1/4. Therefore, if in the 
dual space Hq(Br)' ', a function n £ Hq(Br) solves 

(N - 2) 2 , ,_, 1 ,_ 2 . M _ 2 
— An \x\ u>-\x\ \log\x\\ u in Br 

u>0, 

then u = in Br. 

Next take 7 = and a > —3/4. From Theorem 0.1 it follows that problem (0.1) 
has no non-trivial and non-negative solutions u G L^ oc (Br; |x|~ 2 dx). In particular, 
if N > 3 and if u G Hq(Br) ^ L 2 (Br; \x\~ 2 dx) is a weak solution to 

(iV-2) 2 . ,_ 2 3, ,_ 2|1 , M _ 2 

— An \x\ u>—-\x\ |log|x|| n m Br 

n > 0, 

then n = in Br. Thus Theorem 0.1 improves some of the nonexistence results in 
[1] and in [13]. 

The case of boundary singularities has been little studied. In Section 2 we prove 
sharp nonexistence results for inequalities in cone-like domains in W N , N > 1, having 
a vertex at 0. A special case concerns linear problems in half-balls. For R > we 
let 5+ = B R n M+, where is any half-space. Notice that 5+ = (0,R) or 
Bft = (—R,0) if N = 1. A necessary and sufficient condition for the existence of 
non-negative and non-trivial distributional solutions to 

Af 2 

(0.3) —An — |x|~ 2 n > a|x|~ 2 |log \x\\~ u mV'(B^) 
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is that a < 1/4 (see Theorem B.3 and Remark 2.3), and the following result holds. 

Theorem 0.2 Let R G (0, 1], N > 1 and let u > be a distributional solution to 
(0.3). Assume that there exists 7 < 1 such that 



u G L 2 (B+; \x\~ 2 |log|x||" 27 dx) , a > - - (1 - 7 ) 2 . 



Then u = almost everywhere in . 

The key step in our proofs consists in studying the ordinary differential inequality 



(0.4) 



-ip" > as~ 2 t/j in V'(a, 00) 



where a > 0. In our crucial Theorem 1.3 we prove a nonexistence result for (0.4), 
under suitable weighted integrability assumptions on ip. Secondly, thanks to an 
" averaged Emden- Fowler transform" , we show that distributional solutions to prob- 
lems of the form (0.1) and (0.3) give rise to solutions of (0.4), see Section 1.2 and 
2 respectively. Our main existence results readily follow from Theorem 1.3. A sim- 
ilar idea, but with a different functional change, was already used in [6] to obtain 
nonexistence results for a large class of superlinear problems. 

In Appendix A we give a simple proof of the Hardy-Leray inequality for maps 
with support in cone-like domains that includes (0.2) and that motivates our interest 
in problem (0.3). 

Appendix B deals in particular with the case a > 1/4. The nonexistence Theo- 
rems B.2 and B.3 follow from an Allegretto-Piepenbrink type result (Lemma B.l). 

In the last appendix we point out some related results and some consequences 
of our main theorems. 

Notation 

We denote by M + the half real line (0, 00). For a > we put I a = (a, 00). 

We denote by |f2| the Lebesgue measure of the domain fl C M. N . Let q e [1, +00) and let 
w be a non- negative measurable function on O. The weighted Lebesgue space L q (fl; u>(x) dx) 
is the space of measurable maps m in O with finite norm (J n \u\ q uj(x) dx) . For uj = 1 we 
simply write L q (tt). We embed L q (Q;uj(x) dx) into L q (M. N ; uj(x) dx) via null extension. 
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1 Proof of Theorem 0.1 



The proof consists of two steps. In the first one we prove a nonexistence result for 
a class of linear ordinary differential inequalities that might have some interest in 
itself. 

1.1 Nonexistence results for problem (0.4) 

We start by fixing some terminologies. Let 2? 1,2 (IR + ) be the Hilbert space obtained 
via the Hardy inequality 

/>oo -i roo 

(1.1) / \v'\ 2 ds>- s~ 2 \v\ 2 ds , v G C C °°(IR + ) 
Jo 4 J 

as the completion of C£°(M+) with respect to the scalar product 

POO 

(v, w) = v'w' ds . 
Jo 

Notice that V 1,2 (R + ) ^ L 2 (R + ; s~ 2 ds) with a continuous embedding and moreover 
P 1 ' 2 ^) C C°(R+) by Sobolev embedding theorem. By Holder inequality, the space 
L 2 (R + ;s 2 ds) is continuously embedded into the dual space P 1,2 (R + )'. 
Finally, for any a > we put I a = (a, oo) and 

V^ 2 {I a ) = {v G D 1 > 2 (R+) | v{a) = } . 

We need two technical lemmata. 

Lemma 1.1 Let f G L 2 (I a ;s 2 ds) and v G C 2 (R+) Pi L 2 (I a ;s~ 2 ds) be a function 
satisfying v(a) = and 

(1.2) < / »/„. 
Pu£ v + : = max{i>,0}. Then v + G V l > 2 (I a ) and 

f'OO f'OO 

(1.3) / |(v + )'| 2 ds < / /«+ ds. 

J a J a 
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Proof. We first show that (v+)' G L 2 (R) and that (1.3) holds. Let 77 G C C °°(M) be 
a cut-off function satisfying 



< rj < 1 , r/(s) = 1 for |s| < 1 , r?(s) = for s > 2 

and put %(s) = r](s/h). Then G V^ 2 {I a ) and 77^+ > 0. Multiply (1.2) by 

rjhV + and integrate by parts to get 

roo -1 roo roc 

(1.4) / Vh \(v + y\ 2 ds-- ^v^ 2 ds < V hfv + ds. 

J a * J a J a 

Notice that for some constant c depending only on r\ it results 

roc rlh 

\ r]'l\v + \ 2 ds <c s~ 2 \v + \ 2 ds 

J a J h 



as h — > 00, since t> + G L 2 (I a ;s 2 ds). Moreover, 



f 

J a 



Vhfv + ds 



fv + ds 



by Lebesgue theorem, as fv + G L 1 ^) by Holder inequality. In conclusion, from 
(1.4) we infer that 



(1.5) 



rh roo 

/ Kl 2 ds < / fv + ds + o(l 

J a J a 



) 



since % = 1 on (a,h). By Fatou's Lemma we get that (t> + )' G L 2 {I a ) and (1.3) 
readily follows from (1.5). To prove that v + G V 1,2 (I a ), it is enough to notice that 
7]hV + — > v + in V l > 2 (I a ). Indeed, 

roo roo 

/ |i- % i 2 i(t, + yi 2 < / \(v + y\ 2 ds = (i) 

J a J h 

poo poo 

/ \v' h \ 2 \v + \ 2 ds < c s- 2 \v + \ 2 ds = o{\) 

J a J h 

as (v+Y G L 2 (I a ) and v+ G L 2 (/ a ; s~ 2 ds). □ 
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Through the paper we let (p n ) to be a standard mollifier sequence in R, such 
that the support of p n is contained in the interval (— ^, ^). 

Lemma 1.2 Let a > and ^ G L 2 (I a ; s~ 2 ds). Then p n *ip G L 2 (I a ; s~ 2 ds) and 



(1.6) 
(1.7) 



Pn-kip^tip inL 2 (I a ;s 2 ds), 
9n ■= Pn * (s~ 2 ip) - s~ 2 (p n * i/>) ->■ in L 2 (I a ; s 2 ds) . 



Proof. We start by noticing that p n * ^ — >■ -0 almost everywhere. Then we use 
Holder inequality to get 

2 



S - 2 |(p n *V)(5)r = s 



< s 



< 



J Pnis-tf^pnis-tf^m 

( 1 + ^) 2 



for any s > a > 0. Since s -2 ^ 2 G L x (L a ) then p n -k(s~ 2 ^ 2 ) ->■ s -2 ^ 2 in L 1 (/ a ). Thus 
s _1 (p„*-0) — >■ s -1 ^ in L 2 (I a ) by the (generalized) Lebesgue Theorem, and (1.6) 
follows. 

To prove (1.7) we first argue as before to check that 



p n (s - t)t~ 2 ij(t) dt 



1 



na 



< 1-— |(Pn*0rV))(s 



for any s > a > 0. Thus p n -k(s~ 2 %p) converges to s -2 ^ in L 2 (I a ; s 2 ds) by Lebesgue's 
Theorem. In addition, s~ 2 (p n *ip) ->■ s -2 ^ in L 2 (I a ;s 2 ds) by (1.6). Thus g n ->■ 
in L 2 (I a ; s 2 ds) and the Lemma is completely proved. □ 

The following result for solutions to (0.4) is a crucial step in the proofs of our 
main theorems. 

Theorem 1.3 Let a > and let tp be a distributional solution to (0.4)- Assume 
that there exists 7 < 1 such that 

^jeL 2 (L a ;s^ ds) , a>I-(l_ 7 ) 2 . 

Then ip = almost everywhere in L a . 
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Proof. We start by noticing that L 2 (I a ; s 27 ds) > L 2 (I a ;s 2 ds) with a continuous 
immersion for any 7 < 1. In addition, we point out that we can assume 

(1.8) a = \-{l- 1 f. 
Let p n be a standard sequence of mollifiers, and let 

Then ip n — > tp in L 2 (I a ; s~ 27 ds) and almost everywhere, and g n — > in L 2 (I a ; s 2 ds) 
by Lemma 1.2. Moreover, ip n G C°°(I a ) is a non-negative solution to 

(1.9) -< > a«"Vn + «5n inO'(/ ). 

We assume by contradiction that ^ / 0. We let so G such that e ra := ip n (so) — ► 
■0(so) > 0. Up to a scaling and after replacing g n with s^g n , we may assume that 
so = 1. We will show that 

(1.10) En ■■= V-n(l) -> V-(l) > 

leads to a contradiction. We fix a parameter 

(1.11) ^ > i - 7 > -i 
and for n large we put 

<P6,n(s) ■= £n s~ 5 G L 2 (/i; s~ 27 ds) . 

Clearly (p§ jTl G C°°(1R+) and one easily verifies that (tps,n)n is a bounded sequence in 
L 2 {h;s~ 2 "i ds) by (1.10) and (1.11). Finally we define 

VS,n = V8,n ~1pn = E n S~ & - l/j n , 

so that vs, n £ L 2 (Ii;s~ 21 ds) and v«j jTl (l) = 0. In addition i;^ solves 

(1.12) -u£ n < as' 2 v 5 ,n ~ c s E n s~ 2 ~ 5 - ag n in I u 

where c s := 5(5 + 1) + a = 5(5 + 1) + 1/4 - (1 - 7) 2 . Notice that c s > and that all 
the terms in the right hand side of (1.12) belong to L 2 (I\;s 2 ds), by (1.11). Thus 
Lemma 1.1 gives Vg~ n G V 1,2 (I\) and 

/OO /'OO /*oo 

|(<J'| 2 d S < S ->JJ 2 ds - c 5 E n ^ S - 2 " 5 < n d S + o(l) , 
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since Vg n is bounded in L 2 (I\;s 2 ds) and g n — > in L 2 (Ii;s 2 ds). By (1.8) and 
Hardy's inequality (1.1), we conclude that 



/oo roo 
S~ 2 KJ 2 + C * £ n J i S ~ 2 M,n ds = 0(1) • 



Thus, for any fixed 5 we get that vt — > almost everywhere in I\ as n — > oo, since 
e n cs is bounded away from by (1.10). Finally we notice that 

Since tp n ^ tp and Vg~ — > almost everywhere in I\, and since e n — > ip{l) > 0, we 
infer that V > ^(l) 5 " 5 m h- This conclusion clearly contradicts the assumption 
V> G L 2 (7i;s~ 27 (is), since 5 > 1/2 — 7 was arbitrarily chosen. Thus (1.10) cannot 
hold and the proof is complete. □ 

Remark 1.4 If a > 1/4 then every non-negative solution ip G L\ oc (I a ) to problem 
(0.4) vanishes. This is an immediate consequence of Lemma B.l in Appendix B and 
the sharpness of the constant 1/4 in the Hardy inequality (1.1). 

1.2 Conclusion of the proof 

We will show that any non-negative distributional solution u to problem (0.1) gives 
rise to a function ip solving (0.4), and such that ip = if and only if u = 0. To this 
aim, we introduce the Emden-Fowler transform u 1— > Tu by letting 

2 — N ( X \ 

(1.13) u(x) = \x\— (Tu) (Jlog |x|| , J . 
By change of variable formula, for any R' G (0, R) it results 

(1.14) / |x|~ 2 |log|x|r 27 |n| 2 dx = / / s~ 27 |Tn| 2 dsda, 

so that Tu G L 2 (I a x S^ -1 ;^ -27 dsda) for any a > aR := |logi?|. Now, for an 
arbitrary 99 G C^°(I aR ) we define the radially symmetric function (p G C^°(Br) by 
setting 

2— JV 

<£(z) = |x| 2 y>(|log|x||), 
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so that ip = Tip. By direct computations we get 

(1.15) / u(A(p+ ( N ~ 2 ^ \x\- 2 ip)dx= [ ip" f Tudads 

Jb r 4 Ja R JS*- 1 

r poo r 

(1.16) / \x\~ 2 |log \x\ p 2 u<p dx = / s~ 2 (p / Tudads. 

J B R Ja R JSN- 1 

Thus we are led to introduce the function tp defined in I aR by setting 

^( s ) = / (Tu)(s,a)da. 
We notice that tp £ L 2 (I a ; s~ 27 ds) for any a > or, since 

poo poo p 

/ s- 2 ^\ip\ 2 ds< IS^ 1 ! / / s~ 2 ^\Tu\ 2 dsda 

by Holder inequality. Moreover, from (1.15) and (1.16) it immediately follows that 
V> > is a distributional solution to 

-<>q S " 2 V mV'(I aR ). 

By Theorem 1.3 we infer that tp = in I aR , and hence u = in Br. The proof of 
Theorem 0.1 is complete. □ 

Remark 1.5 The assumption on the integrability of u in Theorem 0.1 are sharp. 
If a > 1/4 use the results in Appendix B. For a < 1/4 put S a := (s/l — 4a — l)/2 
and notice that the function u a : B\ — > R defined by 

2-N r 

u a (a;) = |x| 2 | log |x|| a 

-Au Q - |x|~ 2 n a = a\x\' 2 |log|x|p 2 u a in V {B x \ {0}). 

Moreover, i/7 < 1 i/ien 

u a G L 2 oc (i?i; |x|~ 2 I log |x|p 27 dx) i/ and on/y if a < — — (1 — 7) 2 . 
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2 Cone-like domains 



Let N > 2. To any Lipschitz domain Sc§ w 1 we associate the cone 

C E := {m G l w | a G £ , r > } . 

For any given R>0we introduce also the cone-like domain 

C§ := C s n B R = {ra G R N | r G (0, i?) , a G £ } . 

Notice that C s w-i =I JV \ {0} and C|k-i = \ {0}. If £ is an half-sphere S^ -1 
then Cgjv-i is an half-space and C^-i is an half-ball B^, as in Theorem 0.2. 

Assume that £ is properly contained in S^ -1 . Then we let Ai(£) > to be the 
first eigenvalue of the Laplace operator on £. If E = S^ -1 we put Ai(S 7V_1 ) = 0. 
It has been noticed in [15], [11], that 

/ |Vu| 2 dx 2 
(2.1) m(Ce):= mf -p = (iV ~ 2) +Ai(S). 



The infimum /u(C) is the best constant in the Hardy inequality for maps having 
compact support in C-£. In particular, for any half-space it holds that 

N 2 

ml) = X • 

The aim of this section is to study the elliptic inequality 

(2.2) -An-^(C s )|x|" 2 u> q|x| -2 |log|x||" 2 u mV'(C§). 

Notice that (2.2) reduces to (0.1) if S = S^ -1 . Problem (2.2) is related to an 
improved Hardy inequality for maps supported in cone-like domains which will be 
discussed in Appendix A. 

Theorem 2.1 Let E be a Lipschitz domain properly contained in S N ~ l , R G (0, 1] 
and let u > be a distributional solution to (2.2). Assume that there exists 7 < 1 
such that 

u G L 2 (C^;|x|" 2 |log|a;||" 27 dx) , a > - - (1 - 7 ) 2 . 
Then u = almost everywhere in Cg. 
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Proof. We introduce the first eigenfunction <E> G C 2 (S) (1 C(S) of the Laplace- 
Beltrami operator — A a in S. Thus <3? is positive in £ and $ solves 



(2.3) 



-A CT $ = Ai(£)$ in £ 
$ = on <9E. 



Let u G L 2 (C^;|rc| 2 |log|x|| 27 (ix) be as in the statement, and put or = 
I log 12 1 . We let Tu G L 2 (I aR x S; s~ 27 dsdcr) be the Emden-Fowler transform, as in 
(1.13). We further let V G L 2 (I aR ; s~ 2 ~f ds) defined as 

0( s ) = y (Tu)(s,<r)$(a) da. 

Next, for ip G C^°(I aR ) being an arbitrary non-negative test function, we put 

(2.4) (p{x) = \x\~z~(p(\ log ( p| 

In essence, our aim is to test (2.2) with (p to prove that ■0 satisfies (0.4) in I aR . To 
be more rigorous, we use a density argument to approximate <3? in W 2,2 (Y>) n Hq (£) 
by a sequence of smooth maps <3? ra G C£°(£). Then we define </? n accordingly with 
(2.4), in such a way that T(p n = tp<& n . By direct computation we get 

(N — 2) 2 f°° f 

u(Atf n -\ |x| _2 (^ n ) (ix = / / (Tu)<p"& n dads 

+ 



OO 



/'OO /* 

/ / (T«)^A .$ n dcnis 
iaji is 

Ai(S) / \x\~ 2 u(p n dx = Ai(S) / / (Tu)(p& n dads 
Jcg Ja R Jt, 

I \x\~ 2 |log \x\ |~ 2 u(p~ n dx = / / s~ 2 (Tu)(p$ n dads 

JC% Ja R iE 

Since (p n G C£°(C|?) is an admissible test function for (2.2), using also (2.1) we get 

poo r foo r 

- / (Tu)ip"$ n dads > a / s" 2 (Tu)ip^ n dads 

r'OO c 

(TuMAA + Ai (£)$„) dads . 



aj?. 
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Since <£ n — > <3? and A a ^ n + Ai(E)$ n ->■ in L 2 (X), we conclude that 

/*00 /"OO 

/ ip"ipds > a s~ 2 (pil)ds . 

Jclr Jan 

By the arbitrariness of ip, we can conclude that ip is a distributional solution to 
(0.4). Theorem 1.3 applies to give ip = 0, that is, u = in C|?. □ 

The next result extends Theorem 2.1 to cover the case N = 1. Notice that 
M + = (0, oo ) is a cone and (0, 1) is a cone-like domain in R. 

Theorem 2.2 Lei 6 (0, 1] and let u > &e a distributional solution to 

-u" - ^t~ 2 u> at~ 2 : | log t\~ 2 u inV(0,R). 

Assume that there exists 7 < 1 such that 

u G L 2 ((0, R);t~ 2 \ log£| -27 dt) , a > i - (1 - 7 ) 2 . 

TTten u = almost everywhere in (0,R). 

Proof. Write u(i) = i 1/2 V> (| log i|) = t 1 / 2 ^) for a function ^ G L 2 (/ aj j;s- 27 ds) 
and then notice that ip is a distributional solution to 

-<>Q S " 2 V inP'(7 ajl ). 

The conclusion readily follows from Theorem 1.3. □ 

Remark 2.3 If a > 1/4 then every non-negative solution u G L\ oc (C§) to problem 
(2.2) vanishes by Theorem B.3. 

In case a < 1/4 t/ie assumptions on a and on the integrability of u in Theorems 
2.1, 2.2 are sharp. Fix a < 1/4, let S a := (a/1 — 4a — l)/2, and define the function 

2- iV c 

u a (ra) = r 2 |logr| a <3>(<7) . 

Fere $ solves (2.3) if N > 2. If N = 1 we agree that a = 1 and $ = 1. By direct 
computations one has that u a solves (2.2). Moreover, if 7 < 1 and i? G (0,1) i/ien 
n a G L 2 (C§; \x\~ 2 |log |x|p 27 dx) if and on/y i/a < ^ — (1 — 7) 2 . 

Remark 2.4 Nonexistence results for linear inequalities involving the differential 
operator —A — fj,(C a )\x\~ 2 were already obtained in [11]. 
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A Hardy-Leray inequalities on cone-like domains 



In this appendix we give a simple proof of an improved Hardy inequality for mappings 
having support in a cone-like domain. We recall that for E C S^" 1 we have set 
C\ = {ra | r G (0, 1) , a G S } and /i(C£) = (iV - 2) 2 /4 + Ai(E). 

Proposition A.l Zei E be a domain in S^ -1 . Then 

(A.l) / \X7u\ 2 dx - fi(C s ) I \x\- 2 \u\ 2 >\[ \x\~ 2 \log\x\\~ 2 \u\ 2 dx 

for any u G C£°(C£). 



Proof. We start by fixing an arbitrary function v G C£°(M+ x E). We apply the 
Hardy inequality to the function v(-,a) G C£°(M+), for any fixed a G E, and then 
we integrate over E to get 



/ / |v s | 2 dsda > - / / 
Jo Js 4 j j s 



s 2 M 2 (isdcr . 



On the other hand, notice that v(s, •) G C£°(E) for any s G R+. Thus, the Poincare 
inequality for maps in E plainly implies 

poo p poo p 

/ / |V(j?;| 2 dsda — Ai(E) / / \v\ 2 dsda > . 
jo is Jo Jt, 

Adding these two inequalities we conclude that 



poo p poo p -i poo p 

/ / [\v s \ 2 + \V a v\ 2 ] dsda-Ai(S) / / \v\ 2 dsda > - / / 
Jo Js ' Jo is 4 Jo 7 S 



s 2 M 2 dsdcr 



for any f G C^r 



x E). We use once more the Emden- Fowler transform T in 



(1.13) by letting v:=Tu£ C, 
(N - 2) 2 



c°°( 



Vd 



I— 2| |2 



x E) for u G C C °°(C^). Since 

poo p 

dx = / \\v s \ 2 + |V CT i;| 2 l risdfj, 
Jo Js N - 1 



then (1.14) readily leads to the conclusion. 



□ 
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Remark A. 2 The arguments we have used to prove Proposition A.l and the fact 
that the best constant in the Hardy inequality for maps in C£°(R+) is not achieved 
show that the constants in inequality (A.l) are sharp, and not achieved. 



Remark A. 3 Notice that for N > 1, we have Cgjv-i = M \ {0} and [i(C s n-i) = 
(N - 2) 2 /4 . Thus A.l gives (0.2) for u G C^{B 1 \ {0}). 

In the next proposition we extend the inequality (A.l) to cover the case N = 1. 

Proposition A. 4 It holds that 

[ \u'\ 2 dt-\ f t' 2 \u\ 2 dt>\ f t~ 2 \ log tr 2 \u\ 2 dt 
Jo 4 J ~ 4 J 

for any u G C£°(0, 1). The constants are sharp, and not achieved. 

Proof. Write u(t) = t 1 / 2 ^ (| logt|) = t 1/2 V> (s) for a function V G C~(M+) and then 
apply the Hardy inequality to tp. □ 

Next, let 6 6 M be a given parameter and let S be a Lipschitz domain in S^ -1 , 
with N > 2. For an arbitrary u G C£°(C^) we put v = \x\~ / 2 u. Then the Hardy- 
Leray inequality (A.l) and integration by parts plainly imply that 

j \xf\Vv\ 2 dx-fi(Cj:;0) j \x\ e ~ 2 \v\ 2 > J j \x\ 9 ~ 2 \\og\x\\~ 2 \v\ 2 dx 
for any v G C^°(C^), where 

(A.2) MC S ; 0) ■■= {N - 2 A + 6)2 + Ai(E) . 



It is well known that 



(N - 2 + 6 >' = .of 



\x\ Vu dx 



uec?(R»\ m \ x \e-2\ u \2 dx 



is the Hardy constant relative to the operator Lqv = — d\v(\x\ e \7v). For the case 
N = 1 one can obtain in a similar way the inequality 

[\e\ v >\*dt- f\ e - 2 \v\ 2 dt>\ C t d - 2 \\ogt\- 2 \v\ 2 dt 

Jo 4 J ~ 4 J 

which holds for any 9 eM. and for any v G C£°(0, 1). 
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B A general necessary condition 



In this appendix we show in particular that a necessary condition for the existence 
of non-trivial and non-negative solutions to (0.1) and (2.2) is that a < 1/4. We 
need the following general lemma, which naturally fits into the classical Allegretto- 
Piepenbrink theory (see for instance [3] and [16]). 



Lemma B.l Let ft be a domain in R , N > 1. Let a G Lf^ c {VL) and a > in £1. 
Assume that u G Lj oc (U) is a non-negative, non-trivial solution to 

-Ait > a{x)u V'(n). 

Then 

[ \V(f>\ 2 dx> [ a(x) \<p\ 2 dx, for any G C c °° (fi) . 
Jn Jn 

Proof. Let A C SI be a measurable set such that \A\ > and u > in A. Fix 
any function <p G C^°(r2) and choose a domain Q, CC SI such that |fi D A| > and 
4> G C^°(fi). For any integer k large enough put = min{a(x)u, G L°°(fi). Let 
Wfc G i^o(^) be the unique solution to 



(B.l) 



-Aw fe = / fc in n, 
Vk = on 9£7. 



Notice that f G C l, P{£l) for any /3 G (0, 1). Since for k large enough the function f k is 
non-negative and non-trivial then v > 0. Actually it turns out that t> -1 G L^ c (f2) by 
the Harnack inequality. Finally, a convolution argument and the maximum principle 
plainly give 

(B.2) u > > almost everywhere in Q. 

Since v^cj) G L°°(J7) then we can use v^ 1 ^ 2 as test function for (B.l) to get 

/ Vv k • V {v k l 4> 2 ) dx= ( fkv^cj) 2 dx> ( hu^tf dx 
Jn Jn Jn 

by (B.2). Since Vv k ■ V (v^V) = |V0| 2 - \v k V {v' 1 4>)\ 2 < |V0| 2 , we readily infer 

f |V^| 2 dx > [ fkW 1 ^ 2 dx 
Jn Jn 



16 



and Fatou's lemma implies that 

f |V^| 2 dx > [ a{x)(f) 2 dx. 

The conclusion readily follows. □ 

The sharpness of the constants in (0.2) (compare with Remark A. 2) and Lemma 
B.l plainly imply the following result. 

Theorem B.2 Let N > 1, R e (0, 1] and c,a > 0. Let u G L} oc (B R \ {0}) be a 
non-negative distributional solution to 

—Au — c \x\~ 2 u > a\x\~ 2 |log |x|| -2 u in V'(Br \ {0}). 

i) I/O then u = 0. 

ii) If c = and a > \ then u = 0. 

We notice that proposition i) in Theorem B.2 was already proved in [4] (see also 
[10]). 

Finally, from Remark A. 2 and Lemma B.l, we obtain the next nonexistence 
result. 

Theorem B.3 Let X be a domain properly contained in §> N ~ 1 , R G (0, 1] and c,a> 
0. Let u G L} oc {C^) be a non-negative distributional solution to 

-Au- c\x\~ 2 u> a\x\~ 2 |log|x|p 2 u inT>'(C§). 

i) If c> /ti(Cs) then u = 0. 

ii) If c = h{Cy.) and a > \ then u = 0. 

C Extensions 

In this appendix we state some nonexistence theorems that can proved by using a 
suitable functional change u H> tp an d Theorem 1.3. We shall also point out some 
corollaries of our main results. 
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C.l The /c-improved weights 



We define a sequence of radii R k — > by setting R\ = 1, R k = e Rk ~ 1 . Then we 
use induction again to define two sequences of radially symmetric weights X k {x) = 
X k (\x\) and z k in B Rk by setting X!(|x|) = | log for \x\ < 1 = Ri and 

k 

X k+1 {\x\)=X k {\\og\x\\- 1 ) , z k {x) = \x\- 1 \{X l {\x\) 

i=i 

for all x G B Rk \ {0}. It can be proved by induction that z k is well defined on B Rk 
and z k £ Lf oc (Bji k ). We are interested in distributional solutions to 

(C.l) -Au- (iV ~ 2)2 |xr 2 n> az\u V'(B R \{0}) 

for R G (0, The next result includes Theorem 0.1 by taking k = 1. 

Theorem C.l Lei fc > 1, i2 € (0, Rk] and let u > be a distributional solution to 
(C.l). Assume that there exists 7 < 1 such that 

u G Lf oc (B R ; zlX 2 ^'- l) dx) , a > \ - (1 - 7 ) 2 . 
Then u = almost everywhere in Br. 

Proof. We start by introducing the k th Emden-Fowler transform u i->- T k u, 

u(x) = z k (\x\)-*\x\ — X k (\x\)*(T k u) IXkdxl)- 1 ,— 
Notice that for any R < R k it results 

(C.2) / ^ X 2( 7 -l) |n|2 f°° s _ 27 /" | Tfcn |2 dsdCT) 

so that T fc u G L 2 (/ a x S^ -1 ;^" 27 dsda) for any a > X^R) -1 . This can be easily 
checked by noticing that X' k = z k X k . Next we set 



^u(s) ■= / (T k u)(s,a)da . 



By (C.2) we have that tp G -^ 2 (^; s 27 (is) for any a > X k (R) 1 . Thanks to Theorem 
1.3, to conclude the proof it suffices to show that if) is a distributional solution to 
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—tp" > as~ 2 tp in the interval /„, where a = Xk(R)~ 1 . To this end, fix any test 
function ip G C°°(la), and define the radially symmetric mapping tp G C^°(-Br\{0}) 
such that T^p = ip. By direct computation one can prove that 

(N-2) 2 . 



Aip + 



where u = if k = 1, and 



-2,~ 



(p=uj(p+ \x\—zix k v (^(Mr 1 ) 



vi=l 



if fc > 2. Since w > then 



^ ( 



u [ A<p + 



(N 



i=i 



\x\ 2 p ) dx > 



■ipp" ds 



provided that ip is non-negative. In addition it results 



Br 



z k wp dx 



s 2 ipip ds . 



Since tp was arbitrarily chosen, the conclusion readily follows. 



□ 



By similar arguments as above and in Section 2, we can prove a nonexistence 
result of positive solutions to the problem 



(C.3) 



-An- n(Cv)\x\- 2 u > az 2 k u T>'(C§), 



where Ce is a Lipschitz proper cone in R N , N > 1, and C§ = Cs H Br. We shall 
skip the proof the following result. 

Theorem C.2 Let k > 1, R G (0, Rk] and let u > be a distributional solution to 
(C.3). Assume that there exists 7 < 1 such that 



„ c r 2 ^- ^ 2 x 2 ^ 1 ^ 

U e L [Lx,Z k JL k 
Then u = almost everywhere in C|?. 



dx) , a > - - (1 - 7 ) 2 



Some related improved Hardy inequalities involving the weight 2% and which moti- 
vate the interest of problems (C.l) and (C.3) can be found in [2], [8], [12] and also 
[5]. 
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C.2 Exterior cone-like domains 

The Kelvin transform 

u(x) i y \x\ 2 ~ N u 

can be used to get nonexistence results for exterior domains in R N . 

Let £ be a domain in S^ -1 , N > 2, and let Cy, be the cone defined in Section 2. 
We recall that /w(Cs) = (N — 2) 2 /4 + Ai(S). Since the inequality in (0.1) is invariant 
with respect to the Kelvin transform, then Theorems 0.1 and 2.1 readily lead to the 
following nonexistence result. 

Theorem C.3 Let £ be a Lipschitz domain in S^ -1 , with N > 2. Let R > 1, 
a 6 R and let u > be a distributional solution to 

-An - n(Cz)\x\~ 2 u > a\x\~ 2 |log|x|p 2 u in V'{C^\B R ). 
Assume that there exists 7 < 1 such that 

u e L 2 {Cj;\B R ;\x\- 2 \\og\x\\-^ dx) , a > i - (1 - 7 ) 2 . 

Then u = almost everywhere in Cs \ B R . 

A similar statement holds in case N = 1 for ordinary differential inequalities in 
unbounded intervals 0) with R > 0, and for problems involving the weight zj 2 ,. 

C.3 Degenerate elliptic operators 

Let 6 £ R be a given real parameter. We notice that u is a distributional solution 
to (2.2) if and only if v = \x\~ e l 2 u is a distributional solution to 

(C.4) -d\w{\x\ e Vv) - fi(Cz;9)\xf- 2 v > ^\xf- 2 \log\x\\~ 2 v mV'(C§), 

where fj,(C^;9) is defined in Remark A. 2. Therefore Theorem 0.1 and Theorem 2.1 
imply the following nonexistence result for linear inequalities involving the weighted 
Laplace operator Lqv = — &i~v{\x\ e Vv ). 
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Theorem C.4 Let Y* be a Lipschitz domain in E> N ~ l . Let G K, R G (0, 1], a € R 
and let v > be a distributional solution to (C.4)- Assume that there exists j < 1 

u G L 2 (C|?; |af ~ 2 | log |x||- 27 dx) , a > ^ - (1 - 7 ) 2 . 
Then v = almost everywhere in C|? . 

A nonexistence result for the operator — div(|x| e Vv) similar to Theorem C.3 or 
to Theorem C.l can be obtained from Theorem C.4, via suitable functional changes. 
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